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MONTE CARLO SIMULATION OF LIQUID WATER
AND AN EVALUATION OF THERMODYNAMIC
PROPERTIES

KAZUHIKO HONDA*, KAZUO KITAURA** and
KICHISUKE NISHIMOTO*

*Department of Chemistry, Osaka City University, Sumiyosi-Ku, Osaka 558, Japan
**Institute for Molecular Science, Myodaiji, Okazaki 444, Japan

(Received May 1990, accepted October 1990)

Monte Carlo simulations were performed on liquid water using a new intermolecular potential function.
For the evaluation of the thermodynamic properties of liquid water, simple expressions were proposed for
the energies and the partition function, which reproduces the results of simulations reasonably. Various
thermodynamic properties including heat capacities and compressibility were obtained from the partition
function. The anomalous properties of liquid water were well reproduced by the calculation.

KEY WORDS: Liquid water, thermodynamic properties, partition function, Monte Carlo simulation.

1. INTRODUCTION

In a previous paper [1], we have proposed a new intermolecular potential function
which is expressed in terms of intermolecular overlap integrals over localized orbitals
of constituent molecules and electrostatic potentials between fractional point charges
on the atoms in these molecules. In this paper, the potential function is applied to
Monte Carlo simulations of liquid water.

Many statistical mechanical models have been proposed for liquid water {2,3,4,5].
The Monte Carlo (MC) and molecular dynamics (MD) techniques have been also
applied to liquid water. A few of them, however, have been concerned with the
thermodynamic properties because of difficulties in the numerical calculation of these
properties. Recently Kataoka and his coworkers have succeeded in reproducing the
characteristic futures of thermodynamic properties of liquid water using the results of
MC and MD simulations [6]. They have carried out computations at various tem-
peratures and densities and obtamned an equation of state, from which various
thermodynamic properties have been evaluated.

In the present paper, we propose a simple expression of partition function which
involves some parameters to be evaluated using the results of MC simulation. From
the partition function, the thermodynamic properties are derived.

2. INTERMOLECULAR POTENTIAL FUNCTION

The potential function between H,O0 molecules, Vi,0, w0, is expressed by inter-
molecular overlap integrals and intermolecular electrostatic interactions as follows;
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A H,0O molecule has six localized orbitals; two O-H bonding (OH), two O-H
antibonding (OH-), and two lone pair ( ¢L and nL) orbitals. S, in Equation (1) refers
to the intermolecular overlap integrals associated with localized orbitals, i and j. C, 5
is the parameter for a given bond-bond pair which is determined to reproduce ab
initio interaction energies with the least square technique. The values of C’s are given
in the previous paper [1]. The first six terms of Equation (1) expresses the exchange
type repulsions, and the next three terms for charge transfer type interactions. the last
term of Equation (1) is the electrostatic interaction potential, where Q, means the
fractional charge on the r-th atom. Details of this potential function is referred to the
previous paper [1].

3. MONTE CARLO SIMULATION

Monte Carlo simulations [7] were performed in the standard manner using periodic
boundary conditions and Metropolis sampling algorithm [8] for 125 molecules in the
base cell. Equilibration was achieved after 10K steps and additional 20K steps were
averaged, where one step means 125 attempted moves. The calculations were carried
out at various temperatures and densities including rather high temperatures and low
densities (see Table 1). Large fluctuation of configurational energies, which suggests
that the system was not mechanically stable, was not found in all calculations.

In the Monte Carlo simulation, the potential functions for molecular pairs must be
calculated more than 10° times. The most time consuming part of our potential
functions is the calculations of overlap integrals. In order to save the computation
time, we tabulated the diatomic overlap integrals and interpolated them to obtain
required integrals in the simulation. This makes the calculations ten times as faster
than that of the analytical evaluation. The detail of computational procedure is given
in Appendix.

4. PARTITION FUNCTION

Our simple model of liquid water is based on the following assumptions;

1) A base cell includes m molecules, which is statistically independent assembly.

2) A rigid body approximation of H,O molecule is employed and only six degrees
of freedom, three translations and three rotations, are taken into account.

3) All 6m degrees of freedom are assigned to harmonic oscillators [9], except only
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one degree of freedom which is regarded as a “‘reaction coordinate” [10]. The
“reaction coordinate” allows the system to rearrange hydrogen bonds.

Our model is almost the same with the usual harmonic oscillator models of liquids
[6]. However, the assumption 3) improves the usual harmonic oscillator model, since
it takes the conformational energy change due to the rearrangements of hydrogen
bonds into account. This model may be applied to other hydrogen bonding liquids
such as liquid hydrogen fluoride.

By the assumption 1), a partition function for a system consisting of N molecules,
Z(N,T.V), is expressed by that of m molecules, Z(m,T,V);

Z(N, T Vyoc{z(m, T, V)}"m )
The energy of base cell, E7, is given by the assumptions 2) and 3), as follows,
6m-1 1
ET = EY 4 Z, (nj + §>hvj 3)
=

The first term of the right hand side of Equation (3) represents the energy associated
with hydrogen bonds, and the second expresses that of harmonic oscillators. E¥ is
assumed to be written as a function of the number of hydrogen bonds, n,:

E¥ = E*X 4+ Euyn, + E, @)

where the first term gives the contribution from kinetic energy. The second term is
proportional to the number of hydrogen bonds and is associated with a conforma-
tional energy change due to hydrogen bond rearrangements. E, in Equation (4)
measures an energy per one hydrogen bond. This term is referred to as “bond”,
hereafter. The third term does not depend on the number of hydrogen bonds. This
term is referred to as *“‘potential”. Note that E, and £, are the function of the density
of base cell. This will be discussed in section 6.
Using Equation (3), the partition function of base cell is written straightforwardly
by
ZmTV) = ZH.zV 5

where Z¥ is a partition function associated with the hydrogen bond term and ZY is
that associated with harmonic oscillator term. Z” is written from Equation (4) as,

z" = zx.z*%-z" ©6)
Z¥ is a partition function corresponding to E* in Equation (4). Z® and Z” are the
“bond” and the “potential” terms, respectively, and are expressed as follows;

nymax

VARES Z g(ny)exp{— EynylkpT)} Q]

ny=0
Z" = exp{—Eofk,T)} ®
where g(n,,) means the density of states of base cell having n, hydrogen bonds. n,max

is the maximum number of hydrogen bonds in the system with m molecules. The
summation in Equation (7) may be replaced by the following integral;

7 max

z" = Lu=o g(nu)exp{— Eyny (ks T)}dny, 9
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ZY in Equation (5) can be expressed as

6m-—1 1
zZ¥ = - (10)
I;I 2sinh{hy;/(2k; D},
where each oscillator is assumed to be independent.
The partition function of the whole system is, therefore, expressed as
InZ(N,T.V) = %(lnzk + InZ% + InZ” + InZY) an

In Equation (11), the constant term for T and V was omitted. Hereafter InZ* is
neglected because the term is small as compared with the other terms.

The parameters involved in the partition function of the present model will be
determined using the results of the Monte Carlo simulations (see section 6).

5. DERIVATIONS OF THERMODYNAMIC PROPERTIES FROM THE
PARTITION FUNCTION

All thermodynamic properties of a given system can be evaluated, using the partition
function. In order to carry out numerical calculations, we should take further assump-
tions.

It is assumed that Ing(n,) (Equation (9)) may be written by the following quadratic
function:

Ing(ny) = any + bny (12)

Parameters g and b are determined using the resuits of Monte Carlo simulations. This
assumption will be rationalized later in section 7 by the comparison of the distribution
function of hydrogen bonds, P, , obtained from the partition function with that from
the Monte Carlo simulations. For the volume dependence of v; in the partition
function of harmonic oscillator, Griineisen approximation [11] is used. Namely,

diny, v
dv % a3)

where V is the volume of system and 7 is a parameter.

Various thermodynamic properties are evaluated straightforwardly from the par-
tition function by the following manner.
1) Average number of hydrogen bonds, {n;>

The average number of hydrogen bond, {n,), is an fundamental quantity in our
model for representing other thermodynamic properties. {n,> is defined as the
expectation value of n,,,

npmax

gy = | nueg(nyexp{— Eyny /iy Ddn,|Z* (14)

J-.v+nHmax

(t-x) - exp(ar®)dt| Z®

_ 1 dlnd(x)
S P
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where
A(x) = ﬁwﬂmax exp(at® )dr,
_ b —EultksT)
2a

2) Internal energy, <E)
CE) = ;nAI(EH<nH> + {Eg) + (EY))

where

oo Thy, hy;
CEY) = L [7 T explm ks D} — 1]

J

3) Heat capacity at constant volume, C,

¢ = Yer v ooy
m

where
o{ny>
B _. H
C? = E"_ar
__E {1 @A) .1
T 2ak,T? 2a  ox?

Cl o=k, 6"’2‘:' exp{hv;[(kpT)}

,, 7 lexp{hy;/(k; D)} — 1} U, [(k5 )}

4) Pressure, P

N 0E, OE, <(EY)
P= E(‘<”">‘W—W+V v
5) Isothermal compressibility, x
o I
D N[ BB Ky 3By BE | PCIT -y BV - B
"m0 T v
where
N¥ngy _ CPTE,
m oV EX oV

6) Coeflicient of thermal expansion, «,

_ N[ Xn) 0B, | CU
» =\~ Tar oy TV T

where
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20)
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N&ngy _ CE

m dT ~ Ey 29
7) Heat capacity at constant pressure, C,
VT
C, = C +2 (26)
Kr

Since the molecules are weakly bound each other, an approximation of hv, € kzTcan
be used. In this case, Equation (17) is redued to

6ni— 1 6m—1
hv; hy;

ED =L eIk D] ST T & TF D]

7
6m—1

= Y kyT = 6mk,T
J

This is the classical harmonic oscillator approximation. In Equation (27), the
contribution from the ‘‘reaction coordinate” is neglected because it is very small
compared with that of 6m (6 m > 1). This neglection may be partly canceled with the
neglection of E* in Equation (4).

6. EVALUATION OF PARAMETERS

All parameters involved in the partition function were determined using the results of
Monte Carlo simulations. Figure 1 shows the plots of averaged configurational
energies, E,’s, versus the number of hydrogen bonds, n,, at various temperatures.
Since E, is the configurational energy change associated with the formation or
breaking of one hydrogen bond, it is given by m x 0E_/dn, in Figure 1. The number
of hydrogen bonds in a given configuration obtained by Monte Carlo simulations is

2500 . :

T » ]

i 3500 \\ ]

Sy ;
- 4500 - '

D 50 100 150

Ry

Figure 1 Plots of average configurational energy, E., against number of hydrogen bonds, ny, in 125
molecular systems at 450K (solid line), 400 K (dotted lme) and 350K (dashed line), respectively. Density
is 1.0gem ™3,
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Figure 2 Pair energy distribution function at 400K, 1.0gem 3.

counted using a threshold energy of — 16.0kJmol™! referring the pair energy distri-
bution function shown in Figure 2. We counted n,’s of more than 20K configura-
tions, and calculate each energy of configurations having the same number of n,.The
calculated configurational energies are roughly proportional to the number of hyd-
rogen bonds. This result provides an evidence of the reasonableness of our assump-
tion that the energy is written by Equation (4). At the both sides of each line E, versus
ny in Figure [, there are zigzags because of large statistical error due to the small
frequency of occurrence.

Figure 3 shows the density dependence of E,. In order to reduce the statistical
errors, Monte Carlo simulations were carried out at rather high temperature, 650 K.
650K is nearly the critical temperature of liquid water {12]. E,’s are obtained using

_15 1 1

0.8 1.0 1.2 1.4
p lgen°
Figure 3 Density dependence of E,, at 650 K. Each circle corresponds to the value for pair energy

threshold (—8, —9,. .. —19kJmol~'). The solid line shows the result obtained by the least square fitting
using Equation (28).
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the different threshold energies of — 8.0 to — 19.0kJmol~! for counting the number
of hydrogen bonds. As seen from Figure 3, E, does not depends largely on the
threshold energy used. When we use the threshold energy of — 16.0 kJmol ™' at 400K,
1.0gcm ™, then the average number of hydrogen bonds per molecule, {ny,>/m, is
calculated to be 0.636. This value is comparable with that of the Stillinger’s estimation
[13].

The density dependence of E, is found to be expressed by quadratic equation of the
density (0.8-1.4 gcm™?):

Ey = ay(p — pu) + by (28)

E, is calculated to be —9.7kJmol™' at the density of 1.0gem ™. This value is
surprisingly small compared with the hydorgen bond energy of H,O dimer in gas
phase (— 26.4 kJmol ' [1]). It is noted that E,, measures the energy associated with the
conformational change caused by a hydrogen bond formation or hydrogen bond
breaking in the liquid phase, but does not measures the usual hydrogen bond energy.
A part of usual hydrogen bond energy is involved in E, in the liquid phase.

The parameters a and b of the density of states, g(n,) in Equation (12) are evaluated
using the values of (n,), (Equations (14)), and CZ, (Equations (19)). (s> and C’?
are obtained from the results of Monte Carlo simulations. Furthermore the value of
n,max is needed for the calculation of the function A(x) (Equation (15)) which is
appeared in Equations (14) and (19). Each H,O molecule can have four hydrogen
bonds at maximum. Therefore n, max in base cell is reasonably assumed to be

4m

ny max = - (29)

From Equation (18), C? can be written by

Nes—c, - YN
m m

150 1 T T T T I
oo b ]
o
e
I’ﬁ‘ ooo'g'?-?.?°°°°Oooooooooo
< | el
‘_>> 50 --------------""--"'"-;-:;'-.J“--\"r,—_-.j'-_-: ----- —
U 1 1 1 1 ! 1

Figure 4 Temperature dependence of heat capacity at constant volume, C,, at 0.1 MPa calculated by the
partition function (solid line) with the contribution from the “bond” term (dotted line), and from
oscillators (dashed line). Circles are experimental data [12].
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=C, — 6Nk, (30)
where
_ KEY) _
C¢ = 5T = bmk, 31

C, at 400K is estimated to be 86.3 JK ' mol~! from the plot of internal energies
obtained by the Monte Carlo simulations (Table 1) against temperatures 350, 400,
and 450K at the density of 1.0 gem~*. Using the values of {n,) and C,, the
parameters a, b are calculated to be —0.0078 and — 1.68, respectively (Table 2).

The remaining parameter to be determined is E,. E, may depend on the density and
is assumed to be written in the same manner as Ej:

Ey = ay(p — po) + by (32)

Substituting the values of E,;, {ny>, (E*>, and internal energies () at three different
densities at 400K into Equation (16), we obtained the parameters, a,, p, and b,.
Parameters in the present partition function are summarized in Table 2.

7. RESULTS AND DISCUSSION
Heat Capacity at Constant Volume,C,

The temperature dependence of C, is calculated by our partition function at the
pressure of 0.1 MPa and compared with the corresponding experimental data in
Figure 4. In hydrogen bonded systems, C, is known to be considerably larger than that
of normal liquids [14]. The present model tells us that this is due to the contribution
of the “bond” term. It has been known experimentally [15] that C, of liquid water
decreases with the increase of temperature. The calculated C, reproduces this tend-
ency. It should be noted that this tendency is realised by the contribution of the
“bond” term, since the contribution of the harmonic oscillator term remains a

8 T T T T
X

Py, HIO?

1 1
0 50 100 150 200 250
Ay
Figure 5 Distribution function of n,. The solid line is the distribution function of n,, calculated by

explany + bny)eexp{— Eyny[(kyT)}. The crosses are n,’s directly counted from Monte Carlo simu-
lations.
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constant. C, of liquid hydrogen fluoride is aiso larger than that of normal liquid. The
temperature dependence, however, is opposite with that of liquid water; C, increases
with the increase of temperature. This interesting feature of temperature dependence
of C, will be discussed elsewhere.

The function 4A(x) (Equation (15)) can be calculated by the numerical integration.
When the range of integration is large enough, the integration can be carried out from
t = —ootor = oo,instead of x<r<x + ny max (see Figure 5). In this case, A(x).
is given by an analytical form,

AX) = (—nja)'”.
Then, Equation (19) can be reduced as follows;

N N Ej

mG = " m 2ak, T 33)
This is the case of liquid water. Equation (33) clearly shows that C, decreases with the
increase of temperature.

In Figure 5, the distribution functions of n,, calculated by the function, exp (an?, +
bny)exp{ — E n,[(k;T)}, is compared with that calculated by the Monte Carlo
simulations. As seen from this figure, the calculated result with the present partition
function agrees satisfactorily with that directly obtained from the Monte Carlo
simulations. This result suggests that our assumption for g(n,,) given by Equation (12)
is reasonable.

Equation of State

As shown in Figure 6, the “bond” and the harmonic oscillator term exert positive
pressure and work to expand the volume, while that form the ““potential”” term exerts
negative pressure and works to contract it.

Temperature Dependence of k1, %,, p, and C,

kr of normal liquid increases with the increase of temperature. However, it has been
known experimentally [12,15] that a plot of k; of water against temperature has a

a b

P/GPa
P/GPa

p /gc.‘a P /gcf’

Figure 6 Density dependence of pressure at 298 K (a) and 398 K (b) calculated by the partition function
(solid line) with the contribution form the “bond’ term (dotted line), from oscillators (dashed line), and
from the “potential” term (dash-dotted line), respectively. Circles are experimental data [12].
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Figure 7 Plots of isothermal compressibility « (a), coefficient of thermal expansion a, (b), density p (c)
and heat capacity at constant pressure C, (d) at 0.1 MPa against temperature, respectively. Circles are
experimental data [12].

minimum at 0.1 MPa (Figure 7a). From our partition function, this tendency is
reproduced satisfactorily.

Figure 7b shows the temperature dependence of «, at 0.1 MPa. For the case of
liquid water, the first term of Equation (24) has negative value, while the second term
has positive value. At low temperature, o, has negative value because the former term
becomes dominant. This interesting tendency is reflected in the temperature depend-
ence of density of liquid water. Thus the density of liquid water becomes maximum
at near the freezing point (see Figure 7c). Our partition function reproduces this
important tendency. This is, of course, due to the effect of the “bond” term.

The calculated temperature dependence of C, at 0.1 MPa is shown in Figure 7d and
compared with the experimental data. The experimental data has a minimum at
308 K, while our results has a minimum at 500 K. This discrepancy suggests that it
should be necessary to refine our simple partition function further.

8. CONCLUSIONS

Our simple partition function reproduces the thermodynamic properties of
liquid water satisfactorily. In the present study, it was shown the contribution of the
“bond” term is significant for C, and also for other anomalous thermodynamic
properties of liquid water.

MSIM.-D
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APPENDIX
Computational Details

In the course of the Monte Carlo simulations using our new potential function, the
most time consuming part is the calculations of overlap integrals. One can save the
computer time largely by the use of a overlap integral table. The table contains the
overlap integrals over contracted Gaussian type orbitals (GTO) between all con-
stituent atoms at distances from 0 to 10 A with a increment of 0.05A.

The coordinate system employed for preparing the overlap integral table is shown
in Figure Ala (the diatomic coordinate system). In Monte Carlo simulations, overlap
integrals in the molecular coordinate system (Figure A1b) are required. The integrals
between atoms are easily calculated from the corresponding ones given in the dia-
tomic coordinate system just by an interpolation and a transformation of the coor-
dinate system.

Overlap integrals between s type basis functions depend only on the interatomic
distance but does not depend on the coordinate system. So, the integral is easily
calculated by an interpolation using the integrals stored in the overlap integral table.
We used the three points Lagrange interpolation method,

(r = r)r —r)
(ro — n)ro — 12)
(r — r)r — 1)

re— ro)ry — ry)

Sa(r) = Si(ry)

+S§(”|)(

O—>» ~

-memm-—-lD

Lmios ==

Figure Al (a) The diatomic coordinate system. Molecules A and B are both placed on the Z axis. (b) The
molecular coordinate system.
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(r —r))r — r)

(ry — r)ry — ry)

+ S (r,) (A1)

Sp() = S5

where S (r) means the overlap integral at the interatomic distance r in the molecular
coordinate system. S?(r;) refers the overlap integral at the interatomic separation r;
in the diatomic coordinate system, which is calculated and stored in the table before-
hand. Among the interatomic distances r, ry, r, and r,, there is a relationship of
o< €1 <r.

The following unitary transformations are necessary for calculating an overlap
integral between p type orbitals, in addition to the interpolation procedure.

Sp(r) = T,Sh(r) T, (A2)
where S”

m, Seoand T, are 3 x 3 matrices. Sj,(r) is the overlap integral at the
interatomic separation r in the diatomic coordinate system obtained in the same

manner as S¢. The transformation matrix, T,,, is written as follows;

cosfcos¢p —sing sinfcos¢
T,, = |cosfsing cos¢ sinfsing (A3)
—sind 0 cosf

Similarly, S;;(r) is calculated as follows;
St = SA(NT,, (A4)

where S¢ and S; are 3 x 1 matrices.

By the interpolation procedure mentioned above, the computer time can be reduced
greatly compared with that of the analytical calculations. According to our experi-
ence, this procedure makes the integral calculations about ten times faster than that
of the analytical treatments. And the computation of our potential functions is about
3 to 5 times slower than that of simple atom—-atom type potentials [16].

Figure A2 A water molecule in the standard configuration (a) and the rotated configuration (b).
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Moreover one can take advantage of the fact that overlap integrals become small
at large interatomic separation. For instance the overlap integral between O and H
becomes negligible at the separation larger than SA.

Using the overlap integrals over basis functions calculated by the procedures
mentioned above, one computes the overlap integrals over localized molecular or-
bitals (LMO). The LMO coefficients are usually given at a standard orientation of
molecule in the molecular coordinate system. So, the LMO coefficients should be
transformed (rotated) from the standard orientation to the required orientation in
Monte Carlo simulation.

Let us assume the LMO coefficients are given in the coordinate system shown in
figure A2a (the standard orientation). The molecular orientation appeared in the
Monte Carlo calculation is shown in Figure A2b. The rotation angles between them
are the Eular angles, a, § and y. The transformations of the LMO coefficients between
them are given as follows;

o= C (A5)
¢’ = UG, (A6)
cosacosy — sinxcosfisiny —cosasiny —sinacosficosy  sinasinf
U, = | sinacosy+cosxcosfisiny —sinasiny +cosacosficosy —cosasinf | (A7)
sinfsiny sinfcosy cosf

where C; and C, are the LMO’s coefficients at the standard orientation for the s and
the p orbitals, respectively. C" and C;"are the coefficients at a given orientation. C; and
Carel x | and C, and (" are 3 x | matrices.

The overlap integrals over LMO are calculated as follows;

S, = LXZCICYSY (A8)
where S, is the overlap integrals between LMOs i and j and S,, is the overlap integrals

between basis functions r and s, respectively
The potential function used in this work is made so as to reproduce the ab initio

3 L T T T T

R/

Figure A3 Radial distribution functions at 400K, 1.0gem ™.
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STO-3G interaction energies. Figure A3 shows the calculated radial distribution
functions for 0-O, O-H, H-H at 400K and density of 1.0 gcm™>. The first peaks
correspond to the separation where a water dimer has the most stable linear form [1].
All peak positions are biased to shorter distances than the experimental values. It is
caused by the ab initio STO-3G energies. The similar tendency was reported by
Jorgensen [17] who has performed MC simulations using the 12-6-3-1 potential
function whose parameters were also obtained from ab initio STO-3G calculations.
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